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It is shown that two fundamentally different phenomena, the bound states in continuum and
the spectral singularity (or time-reversed spectral singularity), can occur simultaneously. This can
be achieved, in particular, in a rectangular core dielectric waveguide with embedded active (or
absorbing) layer. In such a system a two-dimensional bound state in a continuum is created in the
plane of a waveguide cross section and it is emitted or absorbed along the waveguide core. The idea
can be used for experimental implementation of a laser or a coherent-perfect-absorber for photonic
bound state that resides in a continuous spectrum.
Unusual points in spectra of optical systems, i.e. iso-
lated points, which do not exist in a generic situation and
may require special engineering of the system, attract in-
creasing attention during the last years. For either Hermi-
tian or non-Hermitian systems these are, in particular, the
bound states in continuum (BIC), which were predicted
almost a century ago [1] and acquired great experimental
and practical importance [2–6] in recent years (see also [7]
and reference therein). In the case of non-Hermitian op-
tical systems, the continuum spectrum can also host ei-
ther spectral singularities [8, 9], at which the system be-
haves like a laser, and time-reversed spectral singularities
at which the system becomes a coherent-perfect-absorber
(CPA) for light at a given wavelength [10–12].
From the mathematical point of view, either BIC or
spectral singularities (for the sake of brevity under spec-
tral singularities here we also understand time-reversed
spectral singularities) represent isolated points inside the
continuous spectrum, requiring fine tuning of the parame-
ters to be achievable in principle. From the physical point
of view in the case of CPA and BIC the parameters of the
scattering potential must be chosen to ensure a delicate
condition of destructive interference of outgoing radiation
completely canceling it at the infinities. Thus, it looks
very unlikely to satisfy the conditions for a BIC and either
laser or CPA at the same wavelength (just because this
would require too many free system parameters). The aim
of this Letter is to show that in practice this is not neces-
sarily so, and the conditions for a BIC and for a spectral
singularity can be met simultaneously. In other words
one can create a laser or a CPA for a BIC. We explore
the waveguide geometry where a two-dimensional (2D)
BIC is created in the plane orthogonal to the waveguide
axis; and a spectral singularity is found in the spectrum of
the longitudinal waves. Thus although both phenomena
occur simultaneously, they remain conceptually different.
Nevertheless, as shown below, the phenomena of BIC and
spectral singularity are correlated for a guided wave due
to the energy exchange between the transverse and longi-
tudinal directions in a waveguide.
Of late, a BIC laser was demonstrated experimen-
tally [13], although using a mechanism which differs from
the one presented in this Letter. A two-dimensional lat-
tice was illuminated from one side, and displayed lasing
action of a BIC from the opposite side. The emission
of light, which is considered here, is also orthogonal to
the plane of the BIC localization, but it occurs in two
opposite directions simultaneously and relies on simulta-
neous existence of a BIC and a spectral singularity in the
same setting. Also, recently, it has been found numeri-
cally [14] and explained analytically to be a quite general
phenomenon [15], that localized bound states having real
part of the propagation constant in the continuous spec-
trum, can emerge if the continuous spectrum has a self-
dual singularity. Such bound states however being similar
to BICs, are not exact BICs in their canonical definition:
due to presence of imaginary components of the propaga-
tion constant such modes either grow or decay, remaining
localized. The beams emitted or absorbed by the spectral
singularity, as reported in this Letter, are the authentic
BICs, having constant amplitude and residing in the con-
tinuous spectra.
Consider a three-dimensional (3D) rectangular waveg-
uide with a core which is infinitely extended in the z-
direction and finite in the transverse (x, y) plain, as Fig. 1
shows. Assume that the waveguide is characterized by the
dielectric constant ε(~r) = εx(x) + εy(y) + εz(z) such that
εα(α) =
{
ε0/2, |α| < `α
ε1 − ε0/2, |α| > `α (1)
where α = x, y, ε0 > ε1, `x,y are the waveguide dimen-
sions along the x and y directions. The dielectric con-
stant, εz, in the longitudinal direction, is a complex num-
ber εz = ε
′
z + iε
′′
z inside the scattering region situated
in |z| < `z, and zero outside this domain. The imaginary
part represents either absorption (ε′′z > 0) or gain (ε
′′
z < 0)
of the scattering layer.
Thus, outside the layer, |z| > `z, the total dielectric
constant of the rectangular core (i.e. at |x| < `x and
|y| < `y) is given by ε0; whereas for the cladding it is
ε1, and 2ε1 − ε0 at the four corners (see fig. 1 for the
schematic distribution of the total dielectric constant in
the xy-plane). Such type of the waveguide configuration
is well studied since long ago [16, 17].
In such a setting, a BIC CPA or a BIC laser is con-
structed in a two-step procedure. First, a BIC is con-
structed that is in a normalizable transverse mode inside
the radiation spectrum. Second, such a BIC mode is al-
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FIG. 1. A schematic representation of the waveguide which
is considered in the text. The distribution of the dielectric
constants in different parts of the waveguides, as well as their
dimensions, are indicated.
lowed to interact with the (absorbing or active) layer lo-
cated in the interval |z| ≤ `z. Let M be the 2× 2 transfer
matrix of the layer (effective one-dimensional scattering
along the z−axis is considered). Then, the CPA and laser
correspond to real zeros of the transfer matrix elements
M11 and M22. In the following we describe these two steps
for realistic examples.
To introduce discrete and BIC guided modes we note
that outside the scatterer (where εz = 0), the dielectric
permittivity is constant in each of the layers. Therefore,
the spatial distribution of the magnetic field, ~H(~r, t) =
~H(r)e−iωt, of a monochromatic wave having the frequency
ω, solves the Helmholtz equation ∇2 ~H + k2ε ~H = 0,
where k = ω/c is the wavenumber in vacuum. Consid-
ering a mode propagating along z direction, i.e. ~H(~r) =
eiqz
(
ψ, 0, iq
∂ψ
∂x
)
, with q being the z−component of the
wavevector, we obtain that ψ(x, y) satisfies
∂2ψ
∂x2
+
∂2ψ
∂y2
+
(
k2ε− q2)ψ = 0. (2)
It is worth mentioning here that this type of modes are
neither TE nor TM, but are hybrid modes known as Eymn
(as the only dominating field components are Ey and
Hx) [16]. Nevertheless, in the limit of negligible dielec-
tric permittivity difference: |ε0 − ε1|  ε0,1, the electric
field becomes a plane wave linearly polarized along y−
direction.
The guided modes, are given by solutions of Eq. (2) in
the form ψmn(x, y) = Xm(x)Yn(y), withm and n integers.
The functions X(x) and Y (y) are obtained by solving
d2X/dx2+(k2εx−q2x)X = 0 and d2Y/dy2+(k2εy−q2y)Y =
0 with the auxiliary spectral parameters qx,y satisfying
q2x + q
2
y = q
2. The modes in both directions can be either
symmetric,
X(x) =
{
cos(kxx), |x| < `x
cos(kx`x)e
−κx(|x|−`x), |x| > `x (3)
or antisymmetric,
X(x) =
{
sin(kxx), |x| < `x
sgn(x) sin(kx`x) e
−κx(|x|−`x), |x| > `x (4)
in the x-direction. Similar expressions are valid for the
y−direction with replacements X ↔ Y and x ↔ y. Here
kα =
√
k2ε0/2− q2α and κα =
√
k2(ε0/2− ε1) + q2α, with
α = x, y, are subject to the constraint k2x + k
2
y = k
2 with
k2(ε0 − 1) = q2, and no normalization is used.
Since the continuity of the x-component of the mag-
netic field is assured by the mode expressions (3) or (4),
the dispersion relations for the spectral parameters qx,y
are obtained from the continuity of z-components of the
magnetic and electric field at the core-cladding interface.
They read
kx tan(`xkx) = κx, ε1ky tan(`yky) = ε0κy, (5)
for the symmetric modes and
kx cot(`xkx) = −κx, ε1ky cot(`yky) = −ε0κy, (6)
for the antisymmetric modes. Note that for practical ap-
plications it is desirable to consider same dielectric con-
stant for the whole cladding, i.e., the four corners of the
cladding also having the dielectric constant as ε1 (see
Fig. 2(a)). Then, using the smallness of the perturba-
tion term ε0 − ε1 (in realistic settings ε0 ≈ ε1), one can
construct the solutions at the corners, from those of ψmn,
by using (ε0−ε1) as a perturbation on top of the potential
defined in Eq. (1) [17].
The symmetric and antisymmetric transverse modes
in each of the directions are further classified into: the
discrete set of guided modes with k2(ε1 − ε0/2) < q2α <
k2ε0/2, which are confined to the waveguide core; and
evanescent modes which propagate in cladding for q2α <
k2(ε1 − ε0/2) representing the continuous spectrum. The
boundary between discrete and continuum spectra is given
by q2b = k
2(ε1 − ε0/2) (in our case it is same for both x
and y directions).
Let us denote the discrete modes as qαm and order
them as follows: k2ε0/2 > q
2
α0 > q
2
α1 · · · > q2αMα > q2b,
where Mα + 1 are the numbers of the guided modes con-
fined in α = x, y direction. The numbers Mx and My may
be different in view of different `x and `y. Now, note that
a hybrid mode mn becomes evanescent if either of Xm or
Yn or both becomes evanescent. Then the continuum for
the guided hybrid modes starts at the critical value of the
propagation constant
q2 = q2c = max{q2x0 + q2b, q2y0 + q2b}. (7)
The BICs (if they exist) for such a waveguide correspond
to pairs (m,n) such that the corresponding propagation
constant q2mn = q
2
xm+q
2
yn lies below the continuum thresh-
old q2c . This situation is explained in the example be-
low and in the figure 2(c). The construction of this type
of “separable” BIC was theoretically predicted earlier in
quantum mechanics [18]. However, the condition for a
BIC to exist, and the BIC threshold differ significantly in
the optical settings as explained above.
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FIG. 2. In (a) and (b) we show the eigenvalue spectrum, to-
gether with mode profiles, of the separable waveguide along x
and y directions respectively; whereas in (c) we show the prop-
agation constant along the longitudinal direction. Note that
all the q’s are in the unit of [`−1y ]. The mode q
2
11 lies inside the
continuum for the whole range of wavelength as shown in (c).
Therefore this mode is the BIC. The corresponding real part
of the magnetic field is shown in the inset (at the bottom) of
(c), when λ = 700 nm was considered. In the inset (at the top)
of (c) we show the zoom of the spectrum near λ = 650 nm.
We considered `y = `x/1.25 = 1 µm, ε0 = 1.5, and ε1 = 1.45
for all the plots.
Now, consider a wave with a wavenumber k, corre-
sponding to a BIC mode with m = m0 and n = n0
i.e. with q
BIC
= qm0n0 < qc, which is propagating in
the waveguide. We are interested in the stationary scat-
tering of this BIC by an active or dissipative layer placed
in |z| < `z. The right (“+”) and left (“−”) propagating
modes in this BIC channel, can be searched in the from
~H± = ~H±e±iqBIC z, where
~H± =
(
ψ
BIC
, 0,± i
q
BIC
∂ψ
BIC
∂x
)
.
The field inside the scattering layer is given by the super-
position of the components:
~˜H± =
(
ψ
BIC
, 0,± i
q˜
BIC
∂ψ
BIC
∂x
)
, q˜
BIC
=
√
q2
BIC
+ k2εz.
Then the full scattering solution can be written in the
form
~H(~r) =

aeiqBIC (z+`z) ~H+ + be−iqBIC (z+`z) ~H−, z < −`z
geiq˜BIC z ~˜H+ + he−iq˜BIC z ~˜H−, |z| < `z
ceiqBIC (z−`z) ~H+ + de−iqBIC (z−`z) ~H−, z > +`z
(8)
Due to the orthogonality of the transverse modes, the
BIC will not excite other modes inside the layer except the
incident and outgoing ones (both of which are the trans-
verse mode m0, n0 in our case). Now the transfer ma-
trix M is defined through the relation (c, d)T = M (a, b)T
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FIG. 3. The distribution of εz in the complex plane has been
shown for which BIC CPA and BIC laser transition occur when
`z = 3µm, λ = 700nm, ε0 = 1.5, and ε1 = 1.45. The solid cir-
cle and empty circle emphasis the BIC CPA for in-phase and
out-of-phase inputs (the phase relations are necessary for ob-
servation of the phenomenon) of equal intensities, respectively.
(here T stands for transpose), and its components are
computed as
M11 = cos(2`z q˜BIC ) + i
q2
BIC
+ q˜2
BIC
2q
BIC
q˜
BIC
sin(2`z q˜BIC ) (9)
M12 = −M21 = i
q2
BIC
− q˜2
BIC
2q
BIC
q˜
BIC
sin(2`z q˜BIC ) (10)
M22 = cos(2`z q˜BIC )− i
q2
BIC
+ q˜2
BIC
2q
BIC
q˜
BIC
sin(2`z q˜BIC ) (11)
The left (“L”) and right (“R”) reflection and transmission
amplitudes are related to the transfer matrix elements
by: tL = tR = t = 1/M22, and rL = −M21/M22, and
rR = M12/M22; in our case rL = rR = r.
Two remarks are in order. First, a CPA is characterized
by modes propagating only towards the layer (in our case
b = c = 0). A laser is characterized by modes propagating
only outwards the layer (in our case a = d = 0). Since
in both cases these are oppositely propagating waves, we
conclude that either CPA or laser are realized by two
modes with different polarizations. Second, since the link
between the scattering data and elements of the transfer
matrix is standard, using the conventional arguments [10]
one conclude that either for a CPA or for a laser, M212 = 1,
and the two beam involved (absorbed or emitted) have
equal amplitudes and they must be either in-phase (0
phase difference) or out-of-phase (pi-phase difference).
Now we turn to concrete examples illustrating the de-
scribed idea. For the sake of concreteness we consider
ε0 = 1.5 and ε1 = 1.45. The rectangular core dimen-
sion is fixed to `y = `x/1.25 = 1µm. For these values
of the parameter we have obtained the spectrum for the
waveguide for a wide range of wavelength. Corresponding
eigenvalues and mode profiles are shown in Fig. 2. The
bound mode q211 lies inside the continuum and thus cor-
responds to a BIC. It is evident from the figure that this
BIC is robust against the frequency tuning. In particu-
lar for λ = 700nm, we have q2x0 = 59.635, q
2
x1 = 57.526,
q2y0 = 59.343, and q
2
y1 = 56.802 (all measured in the units
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FIG. 4. (a) The transfer matrix element M22 is shown as
a function of wavelength λ = 2pi/k. (b) The transmission
and reflection coefficients are shown (in semi-log plot) when
BIC laser action occurs for εz = 0.118 − 0.157i. The BIC
CPA normalised output intensities,|s±|2, for in-phase and out-
of-phase input beams are shown (in semi-log plot) for z =
0.118 + 0.157i in (c), and for z = 0.248 + 0.147i in (d). In all
these plots we considered the parameter `z = 3`y.
of `−2y ). The continuum for radiation modes starts at
q2c = 116.03 `
−2
y . The mode q
2
11 = 114.329`
−2
y lies inside
the continuum, and thus is a BIC.
When the gain (or loss) layer is illuminated by such
a BIC mode, there exist certain values of εz for which
one can obtain the laser condition M22 = 0 at the 700nm
wavelength. For `z = 3`y (this particular value is chosen
for the sake of concreteness only, other choice of `z is also
possible), we numerically obtain several values of εz for
which laser action occurs, and are shown in Fig. 3 with
triangles. Similarly, by solving M11 = 0, we obtain εz’s
for a CPA (at λ = 700nm) which are shown in Fig. 3
by solid and empty circles for in-phase and out-of-phase
modes, respectively. Note that the distribution for z, for
CPA and laser, is mirror symmetric with respect to the
real axis. The strength of the gain or loss necessary for
lasing or perfect absorption decreases with the increase of
the modulus of the real part of εz (recall that this value is
not the real part of the total dielectric constant but rather
a deviation from the dielectric constant of the layer region,
which is ε0 + εz, from that of the waveguide kernel).
In Fig. 4, we show an example of the dependencies of
the transfer matrix element M22 [panel (a)], and of the
scattering coefficients |t|2 and |r|2 [panel (b)], on the wave-
length near the laser threshold. In the panels (c) and (d)
of Fig. 4, we show the normalized BIC output intensities,
which are defined by |s±|2 with s± = r±t being the eigen-
values of the respective scattering matrix of the in-phase
and out-of-phase eigenmodes for a CPA [10]. In Fig. 4(c)
the results are shown when CPA occurs for in-phase
beams [at z = 0.118 + 0.157i], and 4(d) corresponds
to CPA for out-of-phase beams [at z = 0.248 + 0.147i].
While the resonant curves, shown in panels (b), (c) and
(d), look quite commonly, they have a peculiarity in our
case. The mode remains a BIC in spite of tuning the wave-
length. This is possible due to the change of the mode
profile (q11 mode in our case) with change of k. In other
words, a BIC absorbed or emitted by the CPA or laser
(the zero width resonance) has different spatial profile,
and as a consequence different polarization, as compared
with all BICs corresponding to other wavelengths.
To conclude, the reported results are twofold. First,
we have shown how to construct a BIC in a rectangular
core of a two-port dielectric waveguide system. Second,
we described how to realize a BIC CPA and a BIC laser,
by embedding either absorbing or active layer of a finite
length along the propagation direction. The mechanism
is explained with experimentally feasible examples. Note
that the BIC created inside the cavity is actually 2D in
nature, localized in the plane transverse to the propaga-
tion direction. Thus, the corresponding laser, although
3D, is a composition of the 2D BIC and the plane wave
(along the longitudinal direction). In this respect, the
corresponding laser/CPA is a 2D BIC laser/CPA. As a fi-
nal remark, the presented waveguide geometry potentially
satisfy the condition of self-dual spectral singularity [19]
at which PT -symmetric laser-absorber [9, 20] is possible,
although requires further investigation.
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